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Introduction
Stay cables are widely used in cable stayed bridges and other civil engineering structures in order to carry static loads, but they are often observed to experience large amplitude vibrations due to their low inherent damping ratio.
Typically, the inherent damping ratio of bridge cables is of the order of 0.1% [1] . So, unless suppressed, these effects may cause severe vibrations, which could result in cable or connection failures due to fatigue, as well as damaging the corrosion protection system. Typically, only the first six modes with low natural frequencies are considered as they generally experience more significant vibrations than higher frequency modes [2] .
Adding viscous dampers is a common method to suppress cable vibrations. It has been shown that the maximum possible damping ratio attainable in any specified mode is approximately 0.5 times the ratio of the damper's location and the total cable length [3] . However, the location of the damper is restricted to be near one end of the cable, generally up to 5% [4] . As a viscous damper alone is not very effective in suppressing vibrations in multiple modes, the potential of inerter-combined absorbers have been explored in a systematic manner to enhance the damping performance. The inerter was proposed as an ideal two terminal mechanical element, with the property that the applied force is proportional to the relative acceleration between its two terminals [5] . The inertance (the constant of proportionality, with dimensions of mass) can be much larger than the physical mass of the device due to gearing. Performance advantages of inerter combined dampers have been identified for road vehicles [6] , railway vehicles [7] , multi-story buildings [8] , and also cables [9] [10] .
A previous study [10] identified inerter-combined absorbers which can improve the lowest frequency mode. It has then been found out that the beneficial absorbers will possibly lead deterioration to damping ratio for higher modes. This paper aims to maximize the damping ratio of the lowest frequency mode with the condition that damping ratios provided by modes 2-6 are no less than those of a viscous damper optimized for mode one. The results obtained will be more practical for industry applications. This paper is structured as follows. In Section 2, a finite element cable model with an admittance function representing a generic vibration absorber layout is recalled. All possible layouts with no more than one damper, one inerter and one spring each, as well as a proposed performance criterion, are then presented. In Section 3, the optimum performance of two-element and three-element layouts are analyzed and the corresponding parameter values are identified and compared. Conclusions are draw in Section 4.
Mathematical approach
In this section, a finite element model of a cable combined with an arbitrary linear passive absorber layout is introduced firstly. Then, a performance criterion representing low frequency damping performance and the optimization approach are introduced. Finally, the transfer functions of candidate absorber layouts are presented.
Mathematical model
Without considering minor effects such as cable's inclination, sag, out-of-plane motion and elasticity, a mathematical model of a cable with an absorber is introduced using the finite element method. The tension along the cable is denoted as , the total mass of the cable is , and the total length of the cable is . Minor effects of the cable including inclination, sag, out-of-plane motion, and elasticity are neglected in the simplification. An example of a taut cable with degree of freedom is shown in Figure 1 . There are masses of weight spread along the cable and two masses of /2 connected directly to the supports. Hence, = /( + 1). These masses divide the cable into + 1 elements, each of length = /( + 1). The ℎ mass has an associated vertical position ( ) simplified as , which equals zero at equilibrium, and the relative displacements of mass and mass + 1 leads to an angle . Since the masses at the end-points are connected directly to the supports, 0 and +1 always equal zero. In designing the absorber, an estimate of the additional damping to be expected for the various modes of the cable is usually obtained by eigenvalue analysis. The equations of motion for each mass with no absorber attached and the particular mass with additional force ( ) provided by the absorber, are respectively shown by Equation (1a) and (1b). Where = · ( / ) 0.5 defined as the circular natural frequency of the first mode of the undamped cable.
By arranging the displacements of the masses in the vector form, = [ 1 , 2 , 3 , … , ] T and taking Laplace transforms, Equation (2) can be observed, where is a complex number and tildes represent Laplace transforms.
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The elements in matrices , and are respectively described in Equations (3a) to (3c), in where is the Kronecker delta function. ( ) =̃( )/[ ·̃( )] represents the admittance function of the absorber, which is defined as the ratio of force to velocity.
The complex eigenvalues of Equation (2) can be calculated via Equation (4). The complex eigenvalues (represented by [ * ] ) of the system are calculated as roots of Equation (4), where = [ 1 , 2 , 3 , … ], is the square null matrix of size and is the identity matrix of size .
The roots of Equation (4), represented by [ * T ] T , are in complex conjugate pairs. The number of pairs is given by plus the number of internal degree of freedom of the absorber. However, normally only a few pairs, representing low frequency modes, are of interest. Either eigenvalue (with positive imaginary part, = 1,2,3 …) or its complex conjugate eigenvalue * can be used to calculate the damping ratio and the circular natural frequency of Mode of the damped system, which are
Performance criteria and candidate absorber layouts
Modes with lower natural frequency are often more susceptible to vibrations. Since some candidate absorber layouts may introduce extra modes into the system, modes in the frequency range of 0~6.5 are analyzed in here to cover the first six modes of the undamped cable. The present study aims to maximize the critical damping ratio , , which is defined as the lowest damping ratio among all modes with natural frequencies in the range [0-1.5 ). A constraint is implemented to guarantee that the damping ratios with natural frequencies in the range [1.5 -6.5 ), are no less than those of a viscous damper optimized for mode one. For simplicity, the damping ratios for the viscous damper is represented by universal curve [4] . For a given inertance, the optimum , is calculated by using the Matlab commands 'patternsearch' and 'fminsearch' respectively for fine-tuning of the parameters. Moveover, to balance the accuracy and the computational time a 19 DOF finite element model is used for the optimisations.
All absorber layouts with no more than one damper, inerter and spring each are considered as candidate layouts. For each layout, one terminal is connected to the cable at mass and the other is attached to a fixed support. Because neither an inerter nor a spring can dissipate energy, a damper must be included in each candidate layout. Taken this into consideration, there are in total four two-element and eight three-element absorber layouts that contain one damper. The admittance functions ( ) of all candidate absorber layouts are shown in Table 1 . The network connections for each of the layouts can be worked out directly from corresponding admittance functions. For simplicity, these are not included. The parameters of the absorber , and represents inertance, damping coefficient and stiffness elements, respectively. For generality, they are presented in non-dimensional forms by using ' = / , ' = ( / )/( 0 / ) and ' = ( / )/( 0 / ) 2 . Similarly, non-dimensional frequency is defined as ' = / . Moreover, to make a fair comparison between candidate layouts, the relative location of all absorbers in this study is set to be 0.05 of the total length of the cable from one end.
Optimum performance of candidate absorber layouts
In this section, the optimum critical damping ratios for the four candidate layouts with two elements and the eight candidate layouts with three elements are studied. For Layouts II-1 and II-2, both the non-dimensional damping coefficient and non-dimensional stiffness are searched to optimize the critical damping ratio. For Layouts II-3, II-4 and III-1 to III-8, inerters with non-dimensional inertance ' ranging from 0 to 2.5 are considered as it covered the maximum optimum critical damping ratio for all layouts analyzed. From the optimized results for two element layouts, Layouts II-3, II-4 are considered beneficial as they can provide greater optimum critical damping ratios than that of a damper only. For three element layouts, Layout, III-4 and III-6 are considered beneficial, because compare with other three element layouts, they provide the largest optimum critical damping in certain inertance ranges. The beneficial absorber layouts with two or three elements are shown in Figure 2 .
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II-4 III-4 III-6 Figure 2 . Beneficial absorber layouts with two (II-3, II-4) and three (III-4 III-6) elements.
Optimisation results for absorber layouts with two elements
Applying the optimisation criteria described in Section 2.2, the optimum critical damping ratios , of both Layouts II-1 and II-2, are , = 0.026, which are the same as that of a damper only. The corresponding nondimensional damping coefficient and stiffness are ' = 6.43, ' = 0 and ' = 6.43, ' = ∞ for Layouts II-1 and II-2 respectively (i.e. both without the spring). In fact, for any tested ', in the range 0 to 30, adding a spring always decreases the damping ratio for these two layouts. Therefore, these two layouts are not considered beneficial. Hence, only Layouts II-3 and II-4 are discussed below, together with a damper only. Their damping ratios and corresponding parameters are compared.
In Figure 3(a) , the solid curve shows the optimum critical damping ratio for each ' according to performance criterion introduced in Section 2.2, including the condition for the higher mode in range [1.5 -6.5 ), the results are same as in [10] . For comparison, the dashed curve shows the optimum critical damping ratio without considering higher modes, The lines in Figures 3(c) , 4(a) and 4(b) are consistent in style with those used in Figure 3 (a). According to Figure 3(a) , with ' = 0, as expected, the optimised critical damping ratio is the same as that for a viscous damper only. For ' > 0, Layout II-3 provides a slightly greater optimum critical damping ratio than that for a viscous damper. It can be seen from the solid curve that among all the optimized results with varying ', the maximum optimum critical damping ratio , is 0.0283 for ' = 0.160. In Figure 3 (b) the red solid curve illustrates the universal curve described in [4] , which represents the lower boundary of the damping ratio for higher modes as in Section 2.2. And the crosses show the damping ratio of the first six modes when optimized for ' = 0.170. The damping ratio of mode six is the same as the lower limit of a damper only, which means at ' = 0.170 the optimized result for Layout II-3 is limited by mode 6. Therefore, the optimum critical damping ratio considering frequencies in the range [1.5 -6.5 ), shown by blue curve in Fig 3 (a) is lower or equal to that without the higher modes, which shown by the dashed curve. When ' is greater than 0.185, the blue curve terminates since the damping ratio of mode 6 cannot reach the constraint that no worse than that for a viscous damper optimized for mode one. Figure 3 (c) shows the optimisation results for Layout II-4. The maximum optimum critical damping ratio , is 0.0622 for ' = 2.172, which is much greater than for a damper only. However, large inertance is required. The blue curve starts at ' = 0.390 since for small ' the damping ratio of mode 2 cannot reach the constraint. For ' > 0.150 the optimum solution is significantly limited by mode 6, giving greatly reduced result compared with the case without the additional constraint. 
Optimisation results for absorber layouts with three elements
There are eight possible absorber layouts with one element of each type, as shown in Table 1 . Based on the optimization results, all candidate layouts can provide greater , than layouts with fewer elements (Layout I, II-3 and II-4) with 0 ≤ ' ≤ 2.5. However, layout III-6 and III-4 provides more beneficial optimised critical damping ratios than the rest. Therefore, their results are shown and discussed in detail. Figure 4(a) shows the optimisation results for Layout III-4. The maximum optimum critical damping ratio , is 0.141 for ' = 1.47. The solid curve allowing the additional constraint starts at ' = 0.390 due to that the damping ratio of mode 2 cannot reach the condition that the damping ratio no less than for a viscous damper only optimized for mode one. For ' ≤ 0.90, the optimum solution is limited by mode 2 and for ' > 1.40 it is limited by mode 6. For 0.9 ≤ ' ≤ 1.4, the result are not limited by the additional constraint, so the optimum solution is the same as when considering modes with frequencies in the range [1.5 -6.5 ). For Figure 4(b) shows the optimisation results for Layout III-6. The maximum optimum critical damping ratio , is 0.032 for ' = 0.224. When ' > 0.350, due to its corresponding stiffness ' = 0 Layout III-6 performs the same as a damper only. Figure 4 (c) shows the optimisation results of all candidate absorber layouts considering ' ranging from 0 to 2.5. Layout III-6 in the range of 0 ≤ ' ≤ 0.52 and III-6 in the range of 0.52 < ' ≤ 2.5 provides more beneficial optimised critical damping ratios than the rest. Even though Layout III-4 provides the overall optimum critical damping ratio, Layout III-6 is still worth considering in practice, because it provides reasonable benefits with relatively small inertance. 
Conclusion
In this paper, a Finite Element (FE) model of a cable with an absorber is recalled firstly. By using an admittance function to represent the absorber layout, a model of a cable with any passive linear absorber can be presented in the same form. Secondly, the performance criterion is established, which optimizes the damping ratio for mode(s) around the first natural frequency of the undamped cable, while keeping the damping ratio of modes up to the sixth mode no lower than that can be achieved by a viscous damper only. After that the performance of all possible absorber layouts with no more than one inerter, damper and spring each is analyzed and examined with non-dimensional inertance variable ' within a reasonable range of 0 to 2.5. Results show that all layouts with inerters included can provide more beneficial optimum critical damping ratio than a viscous damper only. However, there only are two layouts that give the most optimum results. They can provide much greater damping ratio than the other layouts in different inertance ranges, although their performance is often constrained by the additional criterion for mode 2 or 6.
